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1. Mé dau

Khi d& cap vai trd caa sai 1am (SL) trong qué trinh nhan thuc, Kahane va cong sw (1997) cho ring: SL ciing
¢ tac dung tich cuc, cé ich trong viéc xay dung tri thire, dac biét 1a khi xem xét lai céc tri thie di biét trude day;
theo Polya (2010): Khong duoc tiéc thoi gian dé phan tich trén gio hoc cac SL cua HS. Bat ki mot SL nao ciing
¢6 thé 1am cho HS kém di néu nhu GV khéng chu ¥ ngay dén SL d6 va hudng dan HS nhan ra, stra chira, khic
phuc SL (Nguyén Vin Thuan va Nguyén Hitu Hau, 2010; Dao Vin Trung, 2001; Truong Thi Dung, 2017). Trong
qué trinh giai toan, HS thuong gap khong it nhitng kho khin va mac phai mot sé SL. Mot trong s6 nhitng nguyén
nhan dan dén SL d6 c6 thé 1a do HS chwa nam viing kién thirc, thuc hign cac phép bién ddi, cac phép toan con
nhim In,... va ciing ¢6 thé do GV chua chi trong mét cach dung mirc trong viéc phat hién, un nin va sira chira
SL cho HS. Viéc xac dinh cac 15i tiém an cia HS dé cé cach tiép can phu hop 1 rat quan trong nham dat duoc két
qua hoc tap tich cuc (Hoth et al., 2022). Mt khac, HS sau nhiéu lan gap kho khan, SL trong giai ton thuong c6
tam |i ty ti, chan nan va doi khi c6 tam 1i so hoc mon Toan. Bé khic phuc va sira chita SL cho HS, GV can tao
dong co hoc tap, gidp HS tham gia hoc tap va stra chira SL mot cach tw nguyén, tich cuc va hao hang (Tran
Phuong va Nguyén Dic Tan, 2013). Do vay, trong day hoc giai toan, GV can tao ra c4c tinh huéng day hoc phi
hop dé HS phat hién SL, tim ra nguy@n nhan va cach khéc phuc, tir d6 gop phan kich thich va goi nhu cau hoc tap
cho HS (Fetsch & Yang, 2002).

Trong bai béo nay, ching toi trinh bay mét sb SL thuong gap cua HS THPT trong day hoc giai toan va dé xuét
quy trinh day hoc giai toan gitp HS phat hién va stra chira SL ¢ truong THPT thong qua cac budc va ¢ vi du minh
hoa cu thé.

2. Két qua nghién ciru
2.1. Mét sé sai lam thuong gap ciia hec sinh trong day hec gidi toan ¢ truong trung hec phé thong

Trén co s& tim hiéu cc tai liéu nghién ciiu vé cac SL cua HS trong day hoc mdn Toén cua L& Thong Nhat (1996),
Nguyén Vin Thudn va Nguyén Hiru Hau (2010), cting véi thyc tidn day hoc mén Toan & THPT, chiing t6i nhan thiy
trong day hoc giai toan, HS thudng mac mot so SL phd bién sau day: - SL1: SL khi thyc hién hoat dong phan chia
cac truong hop riéng trong qué trinh giai toan; - SL2: SL do HS khong xét cac diéu kién xac dinh dé céc biéu thic
cta phuong trinh c6 nghia; - SL3: SL do khéng nim ving noi ham cua khai niém hozc diéu kién ap dung ciia dinh
If, tinh chat vao qué trinh giai toan; - SL4: SL trong qué trinh thiét 1ap, chuyén di bai toan thanh bai todn méi twong
dwong; - SL5: SL trong qué trinh suy luan; - SL6: SL lién quan dén quan sat truc quan khi giai cac bai toén hinh hoc;
- SL7: SL trong qua trinh thuc hién cac phép toan.

Ngoai ra, HS thuong c6 nhiing kiéu SL khac, nhu: doc khong ki dé bai, chua c6 sy két néi trong st dung ngdn
ngi toan hoc va ngdn ngir thong thuong,. .. Tim hiéu dang cac kiéu SL cua HS 1 viéc 1am can thiét @& GV ¢6 duoc
bién phap day hoc phu hop, gitp cac em phat hién va kip thoi stra chita nhiing SL.
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2.2. Dé xudt quy trinh day hoc gidi todn givip hoc sinh phdt hién va sira chita sai lam ¢ truong trung hoc phé thong

Dé gip HS phét hién va sira chita SL trong day hoc giai toén ¢ trudng THPT, chling toi xay dung cac budc day
hoc nhu sau:

Bu6e 1: Tao co héi cho HS tiép cdn véi cac SL. Véi muc dich giup HS dugc tiép can véi cac SL trong qua trinh
hoc tap mét cach tu nhién, GV ¢6 thé tao co hoi cho HS tiép can SL thong qua céc tinh hudng day hoc sau:

- Sir dung nhiing SL ciza HS trong qué trinh céc em phét biéu ¥ kién trong gio- hoc. Bé han ché nhiing SL, theo
ching t6i, cach tét nhat 1a cho HS dugc “trai nghiém” vai SL. Néu duoc yéu cau gip ban phét hién nhiing SL, nhim
3n trong phét biéu, c6 thé c4c em s& rat himg tha. Trong tinh hudng ndy, GV c6 thé yu cau HS nhan xét vé phét biéu
cua ban xem da dung hay chura, can diéu chinh gi khéng, nhan xét va tim nguyén nhan dan dén SL va cach khic phuc.

- Sit dung tinh huong day hoc ¢6 chiza SL. Trong qua trinh day hoc, GV ¢6 thé chi dong tao ra cac tinh hudng su
pham c6 chira nhitng SL, khai thac cac tinh hung nay nham gitip HS phét hién va sira chita SL. Sir da dang vé trinh
d6 cua HS va sb luong cua SL 12 nhitng van dé can quan tam khi thiét ké céc tinh hudng day hoc. Théng thuong, néu
chi don thuan cung cap cho HS kién thuc, 1oi giai dep thi do bén viing cua nhiing kién thire linh hoi dugc s& giam di
rat nhidu. HS s& c6 4n tuong va nhd 1au hon véi nhitng kién thirc nhan duoc trong tinh hudng day hoc ¢é chira SL.

Butée 2: Huong dan HS cach thize dé phét hién diroc nhiing SL va khdc phuc SL trong day hoc gidi toan ¢ trirong
THPT. Chi ra cho HS nhitng SL la can thiét, tuy nhién huéng dan, trang bi kién thirc dé gitip cac em biét phat hién
ra SL ciing c6 vai tro rat quan trong. D& gidp cho HS phét hién duoc nhiing SL, GV ¢6 thé hudng dan cac em mot
s6 cach dé phét hién SL nhu: - Thir lai két qua xem c6 thoa man yéu cau cua bai todn hay khong; - Kiém tra tinh dy
di1 cua viée xét cac truong hop; - Kiém tra tinh chinh xac, logic cua cac luan ctr (dya trén nhimg tién dé, dinh nghia,
dinh 1i d3 biét); - Kiém tra tinh logic cua cac luan chung (cac phép suy luan dugc st dung trong ching minh); - Kiém
tra tinh dung din trong qua trinh thiét 1ap va chuyén déi bai toan thanh bai toan twrong duong.

2.3. Minh hga mét sé tinh hudng day hec cu thé nham huéng dén hoc sinh phét hign va sika chira sai lém trong
day hec gidi todn ¢ trong trung hoc phé thong

Tinh huéng 1: SL ciia HS do khong xét cic diéu Kién xdc dinh dé cic biéu thirc ciia phwong trinh cé nghia (SL2).

Vi du 1. Khi giai phuong trinh A’ +C % =14x (1), GV dua ra mét tinh hudng giai bai toan nhu sau:

x! x!
+
(x=3)!" 21(x-2)!

Phuong trinh (2) ¢6 cic nghiém la x = 0; X = 5 va X = 5/2. iy, phuong trinh da cho ¢6 cac nghiém la x = 0;
Xx=5vax=5/2.

- Phét hién SL: GV cho HS thir lai két qua cua bai toan, vai x = 0 khong thoa mén yéu cau vé diéu kién cua x.
Nhu vay loi giai trén da c6 SL.

- Nguyén nhan ddn dén SL: Do HS khéng dit didu kién dé A® va C*~* c6 nghia (SL2). Khi giai c4c bai toan lién
quan dén phuong trinh chira cdng thic tinh s chinh hop, t6 hop, HS can dit diéu kién dé cac biéu thirc c6 nghia.

- Céch khdc phuc: GV huéng din HS can dit didu kién cho cac biéu thac A’ va C) % ¢6 nghia.

Taco: =14x & x(x—l)(x—2)+@ =14x & X(2x* =5x—-25) =0 (2).

3<X
.. S x=>3
- Loi gidi dung: Dieu kién {0<x-2<x < N *).
X
x—2eN,xeN <
X! X! x(x—1)

Khi d6, phuong trinh (1) twong dwong véi: =14X = x(x-1)(x—-2)+ =14x

+

(x=3)1 21(x-2)!
& X(2x* —5x—25)=0(2).

Giai phuong trinh (2), ta dugc cac nghiém la x = 0; x = 5 va x = 5/2. Ddi chiéu véi diéu kién (*), ta dugc nghiém
cua phuong trinh la x = 5.

Tinh huéng 2: SL ciia HS khi thuc hi¢n hogt dgng phin chia cdc truong hep riéng trong qua trinh gidi toan
(SL1) vatrong qua trinh thiét Igp, chuyén doi bai toan thanh bai toan mdi tuwong dwong (SL4)

Vi dy 2: Tim m dé phuong trinh sau c6 nghiém duy nhat: m3* +3 +4=0 (1).

GV dua ra tinh hudng giai bai toan c6 chira SL nhu sau:
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Dit y = 3%, phuong trinh (1) c6 dang my? + 4y +1=0 (2). Coi (2) a phuong trinh bac hai ddi véi y thi phuong
trinh (1) c6 nghiém duy nhat khi phwong trinh (2) phai ¢6 nghiém duy nhat, tic 14 A’ =4—-m=0 hay m=4.

- Phéat hién SL: GV cho HS thir lai két qua cua bai toan, véi m=4 thi 3* = —% , phuong trinh (1) v nghi¢m.
Nhu vay 16i gii trén da c6 SL.

- Nguyén nhan ddn dén SL: Lai giai trén da mac mot s6 SL sau:

+ Khong dat diéu kién cho an y (y > 0) dan dén khdng nhan ra sy tuong (g giira tinh c6 nghiém duy nhét cuia
phuong trinh (1) véi s6 nghiém duong ctia phuong trinh (2). Pay 1a SL trong qué trinh thiét 1ap va chuyén doi bai
toan thanh bai toan twong duong (SL4).

+ HS khong xét truong hop m =0 (SL khong xét hét cac truong hop riéng - SL1).

- Céch kheic phyc: Pat y = 3* , GV hudng dan cho HS dat diéu kién y > 0. Phuong trinh (1) c6 dang my? + 4y +1=0
(2). Tiép a6, GV huéng dan dé HS nhan thy (1) c6 nghiém duy nhat khi va chi (2) ¢ nghiém duong duy nhét.

- Loi gidi dung: Dt y = 3* (y > 0), phuong trinh (1) ¢6 dang my” +4y +1=0 (2).

Néu m = 0thi (2) c6 nghiém duy nht y = —% (loai):

Néu m =0 thi (2) 1a phuong trinh bac hai dbi véiy c6 A =4 —m . Xét 2 trudng hop:
Truong hop 1: Phuong trinh (2) c6 nghiém kép, khi d6 A'=4-m=0 hay m=4, lic d6 (2) c6 nghiém duy
nhét y = —% (loai).

Trudng hop 2: Phuong trinh (2) c6 hai nghiém tréi d4u, lac &6 m<0.
Vay, v6i m <0 thi phuong trinh da cho c6 nghiém duy nht.

2
Vidy3: Tinh L= lim Y2 +3

noo X +1
GV dua ra mét 1oi giai cta bai toan nhu sau:

J2x2 +3 3

, A2 +3 X . 2+7

Tacd: L=Iim =lim =lim =2.
X—>0 X+1 X—>0 X+1 X—>0 14>

X X

J2x2 +3
——chox.
X+1

- Phét hi¢n SL: Trong cach giai trén, dé khir dang 2 , HS da chia ca tir va mau ciia phan thic
Q0

. . N2 +3 / 3 C
- Nguyén nhén dan dén SL: HS da SL khi viét T-I-: 2+7 va thuc hién cac phép bién doi

> 3 > X2 2-1—12 X 2_|_£
J2xX +3 [2x2+3 3 . N2x*+3 X X2 3 ,
= =,|¢+—, hoac = = =,/¢4+— la khong dung (su
> 2 h 2+— 1a kh d
X X X X X X X

dung khong diing céc phép bién doi g = B_A2 va \/A?B = AJB, do HS da khong xét cac truong hop x — +oo
va x — —oo (SL1)).

- Céch khac phuc: Khi thyc hién cac phép bién dbi, GV nhic HS cac phép bién doi

xz(zﬁ) N
2x2+3  [2x2+3 3 23 +3 X 2 3
X X X X X X X

chi dung khi x>0.
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2+7 |X| 2+— 2+—
N \/2x +3
- Loi gidgi dung: L =1lim =lim =lim .

X—>00 x»oo X—>00 X+1 X—00 X

x| IXI

Ta ¢6 hai truong hop:

/ 3
/—2 + 2+
N2 +3 —2val-= ||m“2 +_| Xz_

X~>+oo X~>+oc X—>—0 X—>—00

L=

—x
X+y=m N sl A s A nh4
, tim gid tri lén nhat va nho nhat

X +y*=-m’+6

Vi dy 4: Biét ring (x;y) 1a nghiém cia h¢ phuong trinh {
cua biéu thiic M = xy —6(x+y).

GV dua ra mot tinh hudng giai bai toan nhu sau:

Ta c& X +y*=-m’ +6c>(x+y)2 —2xy=-m*+6. Dox+y=m nén xy=m?’-3. Suy ra:
M =xy—6(x+y)=m*-3-6m=(m —3)2 —12. Gia tri nho nhét cua M 13 -12, dat duoc khim = 3.

Vi M Ia ham sé bac hai, v6i hé s caa m? [a s6 duong nén M khong c¢6 gié tri 16n nhét.

- Phéat hién SL: GV cho HS thir lai két qua cua bai toén, HS s& nhan thay khi m = 3 thi hé da cho v6 nghiém. Nhu
vay, loi giai trén da ch’) SL: o o o

- Nguyén nhén dan dén SL: HS khong chu y dén diéu kién ctia m dé ton tai x va'y. Do d6 dd dan dén bai todn
khong tuwong QUUng (SLA4). ‘ ‘ o

- Cach khac phuc: GV can luu ¥ cho HS tim diéu kién cia m dé ton tai x va y.

- Loi gidi diing: Ta co: X*+y* =—m? +6 < (x+y) —2xy=-m?+6. Vi x+y=m nén xy=m’—3.
Theo dinh 1i Viét dao thi x va y 1a c&c nghiém cua phuong trinh t* —mt + m® —3=0 (1). Nhan thiy x va y ton tai
khi va chi khi phuong trinh (1) c6 nghiém, hay m e [-2;2]. Bai toan tré thanh tim gié tri lon nhat va nhé nhét cua

f(m)=m?-6m-3vsi me[-2;2].

Lap bang bién thién cia ham s6 f (m)=m?* —6m—3véi me[-2;2], ta c6 gia tri nhé nhat cia M la -11, dat
duoc khim = 2; gia tri lon nhét caa M 1a 13, dat duoc khim = -2.

Tinh huéng 3: SL ciia HS trong qué trinh suy lugn (SL5).

Vi dyu 5: Trong khong gian vai hé toa o Oxyz, cho mat cau (S):(x—1)2 +(y —2)? + (z—3)* =9 va duong
X—6 y-2 z-

-3 2
thang A va tiép xuc véi mat cau (S).
GV dua ra mét tinh huéng giai bai toan nhu sau: Goi n_(a;b;c) (8 +b? +c* = 0) 1a vecto phap tuyén cia (P).

Khi do, phuong trinh cia mat phang (P) : a(x —4) +b(y —3) +c(z—4)=0. Vi (P)//A =n,.u, =0, trong d6
2b+2c
@).

|-3a—b—c|

Ja? +b? +¢?

thing A: 2 . Viét phuong trinh mat phang (P) di qua diém M(4; 3; 4), song song véi duong

U, (=3; 2; 2) 1a vecto chi phuong cta duong thing A, suyra —3a+2b+2c=0< a=

Mit ciu (S) tam 1(L; 2; 3) , ban kinh R = 3 tiép xtic véi (P) <> d(1,(P))=R « =3(2).

2
2b+2c) +b® +¢% < 2b” —5bc +2¢* =0 (3).

Tur (1) va (2), taco: (b+c)’ = (
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Nhan thay, néu ¢ =0 thi tir (1) va (3) suy raa = b = 0 (loai); néu ¢ # 0, tir (3) suy ra g =2, hoic g =

N~

Vi 222, chonb=2vac=1thia=2, Khi do (P): 2x + 2y + 718 =0 (4).
C

Vi 9:%,ch<_>nb=1vac=2 thia=2. Khido (P): 2x+y+22-19=0 (5).
C

_ - Phathi¢n SL: GV cho HS thi lai két qua cuia bai toan, vai (P): 2x + 2y +z— 18 = 0 khdng thoa man yéu cau
veé dieu kién cta (P). VVay, loi giai trén da ¢6 SL.
- Nguyén nhan ddn dén SL: Bai toan dt ra 1a xac dinh mét phang (P) thoa mén c4c yéu ciu, nhung trong 1ap lugn
HS da gg@ nhan rang ludn ton tai mat phang (P) théa man, tur ~cl() tiep tuc di dén viéc xac dinh dugc phuong trinh cta
mat phang (P) (SL5). Vi vay, HS khong chd y kiem tra lai moi mat phang c6 phuong trinh (4) hogc (5) ¢ théa man
yéu cau cua bai todn hay khong.

- Céch khdc phuc: GV huong din HS phan biét day 1 bai todn 6 dang diéu kién can va di. Khi do, can giai bai
toan diéu Kién can truge dé tim duogc phuong trinh ctiia mat phang (P). Sau dé thir lai cac két qua.

- Loi gidi duing: Trudc hét dua ra cach giai nhu tinh hudng ¢ trén. Két qua (P) co phuong trinh dang (4) hogc (5).
Tiép dén, ldy mot diém cu thé trén duong thang A , chang han diém A(6; 2; 2). Thay toa do diém A vao Vé trai cua
phuong trinh (4), ta 6 2.6 + 2.2+ 2 - 18 = 0, suy ra A thugc (P). Mit khéc n..u, =0, tir d6 suy ra A =(P) (khong
thoa mén diéu kién A // (P)).

Tuong tu, thay toa do diém A vao Vé trai cua phuong trinh (5), ta ¢6 2.6 + 2.2 + 2 - 19= -1 #0, suy ra A khdng
thuc (P). Két hop véi két qua n,.u, =0, suyra A // (P). Vay (P) c6 phuong trinh: 2x +y + 2z - 19= 0 théa man
yéu ciu cua bai toan.

Tinh huéng 4: SL ciia HS trong qué trinh quan sét truc quan khi gidi cac bai toan hinh hgc (SL6) va khi
thgec hign hoat dong phén chia cdc truong hep riéng trong qué trinh gidi toan (SL1).

Vi du 6: Trong mit phang toa do OXy , cho dwong tron (C) ¢6 phuong trinh x? + y? —2x+4y —20=0 Vva hai
dudng thang d, : 2x+y—5=0, d, : 2x+y =0 . Lap phuong trinh dudng thing A tiép xtc véi duong tron (C) tai

A cit d,,d, lan lugt tai B va C sao cho B la trung diém cua doan thang AC .

GV dua ra mét tinh hudng giai bai toan nhu sau (xem hinh 1):

c

(1)

Hinh 1
Quan sat hinh 1, ta thay J 14 trung diém cia IA va diém J thudc truc hoanh. Do d6, toa d6 diém J 1a nghiém cua

hé phuong trinh {2+ )
¢ phuong trinh )

4 A di qua A(42) va nhain 1A=(3;4) la mot vecto phap tuyén nén c6 phuong trinh
3(x—4) +4(y - 2) =0 < 3x+ 4y — 20 = 0.Vay, duong thing can tim c6 phuong trinh: 3x +4y —20=0.

—-5=0 ,
,suyra J (g;oj Mol -2)va @;Oj la trung diém cua IA nén A(4;2) . Khi

- Phat hi¢n SL: GV cho HS thir xem dudng thang c6 phuong trinh x = 6 ¢6 théa mén bai todn hay khong. Két
qua cho thay, bai toan con c6 thém dap so6 1a duong thang x = 6. Nhu vay, loi giai trén da co SL.
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- Nguyén nhan ddn dén SL: Trong loi giai, HS da ngo nhan dic diém cua diém J 1a trung diém ciia doan 1A va J
nam trén truc hoanh (SL6) va chua xét hét cc kha nang vé vi tri ciia duong thang can tim nén xét thiéu truong hop
duong thang c6 phuong trinh x =6 (SL1).

- Céch khdc phuc: GV luu y HS phai chimg minh J 1a trung diém ciia IA. Hon nira, can xét hét cac kha ning vé
vi trf ctia dudng thang can tim dé nhan ra diém J khdng phai luén thudc truc hoanh (xem hinh 2).

Hinh 2
- Loi gidi diing: Puong tron (C) ¢d tam 1(L;-2) thugc d, vabankinh R=5.Goi d, "IA={J},do d, //d,
va B 1a trung diém cua AC nén JB la duong trung binh cua tam giéc 1AC , suy ra J 1 trung diém cua IA . Goi

A_R 5<:>le 25 SH-)+2t-7)72 == Suyrat—Et:%.

J(t;5-2t) ed,, khi dé: JI =
2 4 2

5 5
Vi t=§:> J (2 j:> A(4;2) , khi d6 A di qua A(4;2) va c6 vecto phap tuyén 2 1A= (3;4), c6 phuong
trinhla: 3(x—4)+4(y-2)=0<3x+4y-20=0.
Véi t:%,tuongu,rtagiéiduqcx=6.

Vay, A c6 phuong trinh la: 3x+4y —-20=0, hoic x=6.
3. Két luan

Két qua hoc tap cua HS s& duoc cai thién rd rét khi han ché dugc nhig SL so déng hoidc thudng gap ciing nhu
do tur duy va nhén thirc chua ding. Dé gop phan nang cao chat lugng day hoc mén Toan, bén canh viée gitp HS linh
hoi dugc nhiing tri thirc toan hoc, GV can hiéu phong cach hoc tap va trinh do nhan thic ciia HS nham han ché céc
SL cho cac em. Vi nhing SL trong qué trinh giai toan duoc chi ra mot cach twong minh, HS s& linh hoi kién thirc
mét cch tich cuc, himg tha hoc tap va khic sau kién thuc, tir d6 gop phan nang cao hiéu qua day hoc mén Toén.
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