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1. Mé déu

Suy luan toan hoc (SLTH) la mét nang luc co ban cia nguoi hoc khi hoc Toan, khéng chi gilp ho tham gia vao
qué trinh chitng minh ma con khuyén khich viéc tiép can cac khai niém, tinh chit va dinh nghia toan hoc mét cach
siu sic hon. Bang cach tap trung vao céc khia canh hop I, cac méi lién hé trong mon hoc, SLTH cho phép nguoi
hoc vurot qua viéc dua vao nhirng thong tin c6 sin va phét trién ki ning giai quyét van dé toan hoc mot cach doc 1ap
va hiéu qua. Do d6, phét trién SLTH cho ngudi hoc 1a mot nhiém vu cét I16i trong qué trinh giang day va hoc tap toan
hoc (Ball & Bass, 2003; Boaler, 2010).

Hién nay, SLTH van dung vao gi&o duc toan hoc 1a mot hudng nghién ctru dugc nhiéu tac gia quan tam. SLTH
duoc nhiéu tic gia dé cap nhu Pijls va Dekker (2011), Seidouvy va Schindler (2019), Sidenvall (2019), Lithner (2007,
2008, 2010),... Nhiéu nghién ctru da st dung SLTH cuia Lithner (2007) trong day hoc Toan & dai hoc, dac biét 1a day
hoc Giai tich cho sinh vién (SV) nhimg ndm dau dai hoc. Tuy nhién, viéc tiép can kién thic Giai tich ¢ nhimg ndm
dau dai hoc doi khi gay khé khan cho SV, boi cac em phai tiép can véi nhiing kién thirc mang tinh triru tugng cao.
Do do, sir dung SLTH dé phan tich qua trinh day hoc Giai tich cho SV giai doan nay la mot van dé can duoc quan
tam trong béi canh doi mai gido duc hién nay. Trong nghién ctiu nay, chiing toi tap trung phén tich déc trung SLTH
cua SV dua trén Ii thuyét SLTH cua Lithner (2007) théng qua viéc néu rd cac ddc diém SLTH cua cac em khi giai
c4c bai toan vé Nguyén ham trong day hoc Giai tich.

2. Két qua nghién ciru
2.1. Suy ludn toan hgc

SLTH c6 thé duoc dinh nghia 1a: “Hanh déng rd rang, bién minh cho cac liza chon va két ludn bang céc Idp lugn
toan hoc” (Boesen at al., 2014, tr 75). Phu hop véi dinh nghia nay la khung nhan thire SLTH cua Lithner (2008), xac
dinh 2 loai suy luan: suy luan sang tao toan hoc va suy luan bt chudc. Kiéu suy luan thir hai duoc thé hién rd trong viéc
HS sir dung céc sy kién va thuat toan di ghi nhé ma khong can xem xét ¥ nghia cua ching (Lithner, 2010). Cy thé:

- Suy ludn séng tao todn hoc. “Suy luan” c6 thé hiéu la dong suy nghi, cach suy nghi, duoc sir dung dé dura ra cac
khing dinh va di dén két luan. Suy luan khdng nhét thiét phai dua trén logic suy dién chinh thirc, tham chi c6 thé khong
chinh xac, nhung can c6 mot s6 loai 1ap luan hop 1i (d6i voi nguoi 1ap luan) trong cach suy nghi. Lap luan 1a ching
minh, mot phan cua I 1& nham thuyét phuc ban than hodc ngudi khac riang li do d6 1a phu hop (Holtzblatt & Beyer,
2008). Bic biét, mot tinh hudng giai quyét nhiém vu dugc goi 1a tinh hudng ¢d van dé néu khdng ré cach tién hanh.

Suy luan sang tao toan hoc can thoa mén cac didu kién sau: + Tinh méi: Mot trinh ty 1ap luan giai phap méi (d6i
v6i ngudi I giai) duoc tao ra, hodc mot trinh tu bi quén duoc tao lai. Hoat dong bt chuéc khdng co trong suy luan
sdng tao toan hoc; + Tinh linh hoat: Thira nhan céc céch tiép can va thich tng khac nhau phd hop véi tinh hinh,
khong bi c6 dinh, can tra bai tién do; + Tinh hop Ii: C6 nhitng 1ap luan trong viéc lya chon chién lugc/hoic thuc hién
chién lugc, thuc day Ii do tai sao cac két luan 1a ding hodc hop li. Diéu nay ¢ nghia 1a nhimg suy doan thuan ty
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hay nhiing truc giac mo ho s& khong dugc xem xét; + Nén tang toan hoc: Lap luan duoc xay dung dua trén cAc tinh
chét toan hoc noi tai cia cac thanh phan lién quan dén lap luan.

- Suy ludn bet chuwéc (Imitative reasoning). Suy luan bt chudc 1a sao chép hozc 1am theo mot md hinh hoac vi
du ma khong cé bat ki nd lyc ndo vé tinh nguyén ban (Heymans & Verschaffel, 2011). Suy luan bt chude bao gom
hai dang 1a suy luan nh¢ lai (memorised reasoning, MR) va suy luan thuat toan (algorithmic reasoning, AR). Cu thé:

+ Suy lugn ghi nhé (MR). Suy luan bét chudc trong qué trinh tim ra giai phap cua mot van dé s& duoc goi la suy
luan ghi nhé néu: (1) Lwa chon chién luogc duoc thiét 1ap dua trén viéc nhé lai mot cau tra 10i dy da cua tri nho;
(2) Viéc thyc hién chién lugc chi bao gém viéc viét ra. Nguoi ta ¢ thé mo ta bat ki phan nao cua cau tra 1oi ma
khéng can xem xét cac phan trudc do.

+ Suy ludn thugt toan (AR). Suy luan duoc goi 1 suy luan theo thuat todn néu: (1) Viéc lya chon chién lugc giai
4 sy nhac lai mot thuat toan tim ra 1oi giai da biét, & day khong co nhu cau sang tao 1oi giai mai; (2) Phan thyc hién
chién Iugc con lai 1a kha d& dang déi vaéi SV, tuy nhién chi mot 13i sai ciing ¢6 thé khién cau tra 1oi khong dat dugc.
2.2. Suy lugin todn hoc ciia sinh vién trong qud trinh gidi todn vé “Nguyén ham”

2.2.1. Phuong phadp nghién ciru

Trong bai b4o nay, chiing tdi sir dung phuong phap nghién ctru dinh tinh. Thuc nghiém dugc tién hanh khao st
trén 8 SV niam thi nhét va thir hai dang hoc tai Truong Pai hoc Su pham - Pai hoc Hué, Truong Pai hoc Bach khoa
Ha Noi. Cac SV nay da duoc hoc day du kién thire dao ham trong hoc ki déu tién 6 dai hoc.

Chung t6i sir dung phuong phap giai quyét van dé cong tac theo nhém nho dé t6 chic cho SV 1am viéc. Cu thé,
SV dugc phan chia thanh cac nhém nhé (mai nhém tir 2-3 SV), ciing thao luan, tranh luan dé giai cac bai toan duoc
dua ra trong mét phiéu hoc tap. Cong cu nghién ctu 1 mot phiéu hoc tap gdm 4 bai ton. Do khudn kh cua bai béo,
chling t6i chi trinh bay hai bai toan dién hinh trong 4 bai toan da dura ra trong phiéu hoc tap.

2.2.2. Két qua nghlen cliu thure nghiém

Tu khung li thuyet vé suy luan sang tao cua Lithner (2008), chiing i phan tich qua trinh SLTH cua SV trong
qué trinh giai quyét van dé thong qua phan tich dién ngon va su phat trién dién ngén cua SV. Cu the chung toi tap
trung phan tich dit liéu thuc nghiém theo cc khia canh ciia dic diém I luan trong qua trinh giao tiép dé giai quyét
van dé vé méi quan hé giita d6 thi ham sé va do thi nguyén ham.
2.2.2.1. Bdc trung suy ludn todn hoc ciia Sinh Vién khi giai bai todn 1

Nhom 1 thyc nghiém gém 2 SV duge mi héa SV A, SV B. Ching t6i phan tich SLTH cta nhdm SV nay qua
bai ton 1 sau day trong phiéu hoc tap:

Bai toan 1: Cho ham s6 y = f (x) xac dinh trén doan [—4; 4] va c6 d thi nhu hinh 1. Hay v& do thi cia ham s6
F(x) 1amot nguyén ham cta ham s £ (x), biét ring F(0) = 2. Giai thich cach suy luan dé vé dugc do thi caa ham
s6 F(x).

1) Cach suy luan dé v& duoc ma khong can tim biéu thire F(x).

2) V& d6 thi F(x).

3) Trinh bay mét cch suy luan khac dé vé dugc do thi ham s6 F(x).

-5 -4 -3 -2 -1 1 2 3 4 5

Hinh 1
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Kho khin ban dau cua SV 1a cac em khong nhé cong thirc fab f(x)dx = F(b) — F(a) = AF dé p dung vao bai
toan. Kho khan tiép theo 14 chua biét chon khoang nao trude dé ap dung vao cong thirc nay. Cu thé:

Dogn trich 1 (thdo lugny 1, 2):

SV A: Theo minh nén sir dung cdng thirc fab f(x)dx = F(b) — F(a) = AF, nghia la f01 f(x)dx la dién tich tam
giac c6 chidu cao bing 2, hai canh goc vudng c6 do dai lan luot 12 2 va 1. Véi: fol f(x)dx = F(1) — F(0), theo bai
raF(0) = 2 néntasuy ra F(1) = 3. Tuong tu trén doan [1; 2], ta tinh dugc F(2) = 6.

SV B: Tich phan trén doan [—1; 0] mang d4u am dang khdng?

SV A: Diing rdi.

SV B: Trén d6 thi cia ham f(x), cac diém c6 hoanh do x = —1 vax = 1 ddi xang vai nhau qua gbc toa do. Vay,
toa do ctia nguyén ham F(x) tai hai diém do c6 dbi xung qua gdc toa do hay khdng?

SV A: Ching ta can tinh nguyén ham F(x). Ta c6: f_ol f(x)dx = F(0) — F(—1), suy ra F(—1) = 3. Vay, cac
diém do ddi xang vai nhau qua truc Oy.

SV B: Can tim toa d¢ ctia ham F(x) tai cac diém c6 hoanh do —4; —1; 1; 4 dé c6 thé vé duogc do thi.

SV A: Nhu vay, chung ta d3 tinh duoc F(1) = 3,F(2) = 6, tiép theo can tinh F(3), F(4).

SV B: Khong can tinh F(3), chi can tinh F(4).

SV A: Tuong tu cach tinh trén, ta tinh dwoc F(4) = 14,F(—4) = 9.

Giang vién (GgV): Can dua ra cach 1ap luan dé v& dd thi ham F(x)?

SV B: Sau khi tim duogc céc diém dac biét (—4; 9), (—1; 3), (0; 2), (4; 14), ta can tim thém cac khoang don diéu
nita. Ham s ddng bién trén khoang (—4; 0) vi db thi nam trén truc Ox va nghich bién trén khoang (0; 4).

SV A: Can khao sét tinh chat cia ham s F(x) trén [—4; 1), [—1; 2), [2; 4], khong can xét c4c khoang nho hon.

SV B: bung vay.

SV A: Nhu véy, do thi ham s F(x) trén [—4; 1) la mot duong thing di qua hai diém (—4;9),(2;5). Trén
[—1; 2), d6 thi ham s6 F(x) la mot parabol di qua 3 diém (—1; 3), (0; 2), (2; 6). Trén doan [2; 4], d6 thi ham s6
F(x) la mot duong thing di qua 2 diém (2; 6), (4; 4).

Tir do, ta vé& duge do thi ham F(x).

Sau qué trinh tim hiéu cia nhom 2 SV, khi duoc goi ¥ cia ngudi huéng dan, 1ap luan ciia nhom SV da dap tng
cac didu kién sau:

(1) Tinh méi: Ban dau, khi danh gia cach vé& do thi ham F(x), SV chi tim cac diém dic biét bang cach st dung
cong thirc: [ f(x)dx = F(b) — F(a) = AF.

(2) Tinh linh hoat: Cach tiép can va thich tng khac nhau vai tinh hinh. SV vé db thi ma khdng can tim biéu thirc
cua ham s6 F(x).

(3) Tinh hop 1i: Cac budc Ii luan ciia SV déu dan dén viéc v& duoc dd thi ham sb F(x).

(4) Nén tang toan hoc: Li luan dugc xay dung dua trén cac tinh chat toan hoc, cu thé 1 tinh chét cua tich phan
xac dinh.

Vay, suy luan sang tao todn hoc da duoc SV &p dung vao qua trinh giai bai toan 1: Nhom SV da xem xét su dung
cong thic fab f(x)dx = F(b) — F(a) = AF trong mét s6 truong hop dé tim ra nguyén ham F(x). Bang cach nay,
nhom SV tim duoC cAc gid tri dac bist F(1) = 3,F(2) = 6,F(4) = 14, F(—4) = 9. Tirdo, SV phac thao dugc dd
thi ham s6 F(x) di qua cac diém dic biét ma khong can tim ham F(x) cu thé.

Dogn trich 2 (thdo lugn y 3):

SV B: Can tim toa d¢ ctia ham F(x) tai cac diém c6 hoanh do —4; —1; 1; 4 dé c6 thé vé duogc db thi.

SV A: Nhu vay, ching ta da tinh dwoc F(1) = 3,F(2) = 6, tiép theo can tinh F(3), F(4).

SV B: Khéng can tinh F(3), chi can tinh F(4).

SV A: Tuong tu cach tinh trén, ta tinh dwoc F(4) = 14,F(—4) = 9.

GgV: Can dua ra cach 1ap luan dé vé do thi caa ham sb F(x)?

SV B: Sau khi tim dugc cac diém dac biét (—4; 9), (—1; 3), (0; 2), (4; 14), ta can tim thém cac khoang don diéu
nira. Ham s dong bién trén khoang (—4; 0) vi d6 thi nam trén truc Ox va nghich bién trén khoang (0; 4).

SV A: Can khao sét tinh chat caa ham s6 F(x) trén [—4; 1), [—1; 2), [2; 4], khong can xét c4c khoang nho hon.

SV B: bung vay.
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SV A: Nhu vay, do thi ham s F(x) trén [—4; 1) la mot duong thang di qua hai diém (—4;9),(2;5). Trén
[—1;2), d6 thi ham s6 F(x) 12 mot parabol di qua 3 diém (—1; 3), (0; 2), (2; 6). Trén doan [2; 4], db thi ham s6
F(x) la mot duong thing di qua 2 diém (2; 6), (4; 4).

T d6, nhom SV v& duge do thi ham F(x).

Pic diém chung cua viéc trién khai giai cac bai todn theo cach 2 cua SV la: (1) Viéc trién khai giai toan duoc
thuc hién theo timg budc; (2) Khi tién do khong dién ra nhu mong doi (qué cham hodc két qua trai ngugc), ho nhanh
chéng tir bo cach giai va tim kiém mot cach khac.
2.2.2.2. Dac trumg suy ludn todn hoc cua sinh vién khi gidi bai toan 2

Nhém 2 thuc nghiém gém 2 SV, dugc mé héa 1a SV C va SV D. Ching tdi phan tich SLTH ciia nhém SV nay
qua bai toan 2 duéi day:

Bai toan 2: Cho £ (x) 1a mot ham s6 lién tuc, xac dinh trén [—2; +o0) va f(x) > 0 véi moi x > —2. Ham s6
£ (x) ¢6 dd thj 1a dudng cong € nhu hinh 2 dudi day:

y ‘t
34 6
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Hinh 2
Biét rang ham s6 F(x) = [, f(t)dt lamot nguyén ham cisa ham s6 f (x) trén doan [—2; +o0), tirc 1a F' (x) =
£ (). Hoi trong 4 duong cong dudi day, duong cong nao 1a dd thi ciia ham sb F (x). Giai thich.
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Qua trinh SLTH ctia nhom SV:

SV C: Ta s& dung phwong phap loai trur.

SV D: Xét do thi hinh dau tién (xem hinh 2a).

SV C: Theo minh, hinh 2a khdng phai 1a dap 4n vi f(x) > 0 trén [—2; +00), nén ham sb F(x) dong bién, db thi
huéng di 1én ma trong hinh 2a, d6 thi ¢6 hudng xudng.

SV D: Pung r6i, d6 thi Ia hinh 2a c¢6 khoang nghich bién trén khoang (—2; 0), nén loai phuong an 2a.

SV C: Xét dap an la hinh 2c. Truong hgp nay cling khong duoc vi tai x = —2, ta ¢ F(x) = f_X2 f(t)dt = 0,
nhung do thi tai x = —2 thiy # 0.

SV D: Ban xét tinh d6i xtng cua do thi phai khong?

SV C: Khéng, khithay x = —2,tacé F(2) = 0.

SV D: Pung roi.

SV C: Chi con lai 2 dap an, hai do thi 1a minh thay thoa man, khéng c6 khoang nghich bién va F(—2) = 0.

21



Tap chi Gido duc (2023), 23(13), 18-22 ISSN: 2354-0753

SV D: Theo ban thi d thi nao 1a dap an ding?

SV C: Minh nghi dap 4n 1a hinh 2b, vi khi thay x = 1 vao ham s F(x) = f_xz f(t)dt = F(1) — F(-2), do
F(=2) = 0nén f_lz f(t)dt = F(1). Mat khéc, f_lz f(t)dt chinh 1a dién tich hinh phéng trén hinh 2d, c6 dién tich I6n
hon 3 6. Hinh 2b ¢6 F(1) > 3, con hinh 2d c6 F(1) < 3. Vay, ta chon phuong an diing 1a hinh 2b.

AR phan dinh dugc thé hién trong suy luan ctia SV khi cac em tim dap an ding: Nhém SV dé dua ra sy lya chon
dua trén cac dic diém sau: (1) Tét ca cac phuong an lya chon déu lién quan dén thuat toan quen thudc da hoc;
(2) Céc lap luan trong mdi phuong 4n déu 1a sw két hop giita cac thuat toan da hoc; (3) Khi nhém SV nghi ngos vé 1oi
giai, cac em s& tim mot thuat toan giai khac.
2.2.2.3. Mgt s6 danh gid dinh tinh

Trong hau hét cac tinh hudng c6 van dé & cac bai toan trén, SV di xem xét tinh hinh thuc cua bai todn va tap
trung vao Viéc str dung céc thuat toan da thanh thao. Suy luén sang tao todn hoc thuong thich hgp trong céc tinh
hudng c6 van dé, nhung kiéu suy luan nay it xay ra trong cac tinh huéng dugc SV phén tich trong phiéu thuc nghiém.

C6 mot s6 tinh hudng ¢ bai toén 1 chii yéu dua vao sy tuong tac 1dn nhau cua SV. Diéu ndy duoc phan loai la
AR c6 huéng dan, vi tit ca cac lua chon chién lugc quan trong déu do nguoi phong van dua ra, hoic 1a két qua cua
mot cau hoi, hoac nhan xét tir nguoi phong van. Suy luan séng tao todn hoc chi xuat hién trong mot vai truong hop
& cudc hoi thoai trén (vi du trong bai toan 1 khi phéc thao do thi nguyén ham F(x), SV tim phwong trinh ctia ham
F(x)). Poi khi SV khong thir suy luan séng tao todn hoc va su hiéu biét vé khai niém cua ho khong du dé thyc hién
suy luan sang tao toan hoc. Su hiéu biét khai niém vé ning luc va kha ning suy lun sang tao toén hoc c6 thé dwoc
két ndi voi nhau, vi suy luan sang tao ton hoc doi hoi sy hiéu biét khai niém co ban.

3. Két luan

Nghién ctru ndy di phén tich cc file ghi am vé thao luan cua cdc nhom SV dé giai cac bai toan lién quan dén
nguyén ham. Két qua thu duoc cho thiy, SLTH cho phép nguoi hoc phan tich v hiéu sau hon ban chat cia giao tiép
toan hoc thdng qua cac kiéu suy luan sang tao va suy luan bét chudc. Kiéu suy luan bét chudce dang chiém wu thé s0
Vi suy luan sang tao. Diéu nay ¢6 nghla 1a SV thuong dua vao cac giai phap da dugc sir dung trude do dé giai quyét
VAn dé toan hoc thay vi sang tao ra cAc giai phap mai. Tuy nhién, dé khuyén khich SV phét trién suy luan sang tao,
GgV can sir dung céc phuong phap day hoc phii hop va khuyén khich céc em tao ra cac giai phép méi.
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